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^ ■ Abstract 

-)— > . 

J^ ' BMO estimates and the radial growth of Bloch functions have been 

studied by B. Korenblum [3]. The present paper contains some natural 
generaUzations of these results. 



1 Introduction 
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^ \ The space BMOA is the space of functions / G H^ for which 
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Let D denote the unit disk {z & C : \z\ < 1} and T - the unit circle {2; : |2;| = 1} 
5 the space of functions / G H^ for which 

* = sup — -— /I/ - //I dm < 00, where 
m{I) J 

.^.■. f, = -^Jf,^, ,CT. 

I 

Here m is normalized Lebesgue measure on T. 

It is known that for an analytic functions f in D the following conditions 
are equivalent (see, for example, [1] or [2]): 



a)f G BMOA; 






„..„ //,....,M^(^-ki )(^-ier) 



b) WIWemoa = sup / / If {z)\" '^' ' V g'^' ' ^"^g < °°' 



D 



1-iz 
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where 1712 denotes normalized Lebesgue measure in D. 
Let (t) be a positive and continuous function on (0, 1) . 
Let Bff) denotes the space of all analytic functions f in D satisfying the 
condition 

^ zeD 0(1 — \z\ ) 

For (t) = t", < q; < 1, -B,^ = Aq, is the usual Lipschitz class. 
In the case a = 0, Aq is the Bloch space (usually denoted B ). 
In this paper some results of B. Korenblum for the Bloch space B are 
generalized for B^. 

Note that the function log(l — z) E B , however log {1 — z) ^ B. 

2 BMOA estimates for 5^ functions and 
applications 

Let 0(t) satisfies the condition 

1 

/ dt = g{x) < oo for all < a; < 1. 

X 

If / G B^ we write fr{z) = f{rz) for < r < 1 . 
Theorem 1. Let f e B^ . Then 

\\fr\\BMOA<\\f\\B,\W^^), < r < 1. (1) 

Proof. Let ^ E D . Then 



1-e^ 



D 
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^,;;i/v)r(i-M-r^-(i-Mr(i-N-)(i-i;n„„,^< 



1 — \rz\ ) (1 — \rz\ 



D 



1-e^ 



< r 



2 II /■||2 



-Brf) 



;i-N') i-ier 



D 



2 _ 2 '^"^2 

1 - k-^l li-C-^l 



2r 



2 II /■||2 




0'(l-rV)(l-|e|') 



T 



(1 — r^p2) 



I-^PC 



piim (C) (ip < 



< 2r 



2 II ^112 



-Brf, 



epc 



1-epC 



2^^(0 / ^,_2 2 P^P 







1 — r^p^ 



2 / <P\t) 



B. 



/ t 

l-r2 



rft. 



Here we used the identity 



l-\z\' 

|i-C^I 



dm{C) = 1. 



Therefore, 



||/r||BAfOA< \\f\\B^9{^-r 



2 /I 2\ 

01 1 — r 

4' 



Corollary. If f E B then 



\\fr\\BMOA<\\f\\B,V\^Ogil-r^)\, < r < 1. 



B.Korenblum [3] proved an analogous BMO estimate, applying the Garsia 
norm. 
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Theorem 2. There are positive numerical constants 7 and M such that 
for all f e B^, /(O) = 



e^P ( „./'^i^^^ ) dmi,) < M. (2) 



Proof. The John-Nirenberg theorem [1, 2] says that there are positive 
constants c and C such that 



m(CG/:|/(C)-M>A) -c\ 
< C exp ( 



"^(-') \\J WBMOA 

for all / G 5M0A, A > 0, J C T. 
If /(O) = then 



fT = ^Jfi'^)\dC\ = 



and 



i?(A) =m(C G T : |/(rC)| > A) < Cexp ( /^ ). (3) 

11/ Wbmoa 

Since -E (A) is the distilution function of / , then for all p > [1] 



00 



\fYdm = p \^-'E{\)d\. (4) 

T 



If < 7 < c , using (4) and (3), we obtain 



^M ,7.1'/^^^' )dm{C) = l + Y.- M\\f/ ,n fimrdmiO 

BMOA „>i ^- UI/IIbMOaJ J 
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1 'y" r 



„>i ^- \\\J WBMOA 



oo 

7 Y^ 1 7""^ 



^^WLZT. 5Zn-l!f||f||._J"-i /^""'^(^)^^ 



BMOA „>i "- -^- VIU IIBMOA 



oo 

aA 



n n>l 



n— 1 

BMOA >'' „>i "- -^- VIIJ llBMOA 



oo 



1 + ^ — / ^(^) e^p( ^F^^^ — ) ^^ ^ 



BMOA >'' WJ IIBMOA 





oo 



<l + ^P^C7/exp(^^pl^)c/A= 1 + ^^ t/ M<oo. 
II/IIbmoa i II/IIbmoa c-7 



Putting f = fr and applying (1), we obtain (2). 

Theorem 3. There is a constant 71 , such that for every / G -B^ , / (0) = 

lim sup \f(''0\ < 71 11/11 B (5) 

'•^1 log |log (1 — r)| y 5'(1 — r^) "^ 

for almost all ( & T. 

Proof. Theorem 2 implies that (0 < r < 1) 



2.. ^ / exp( _„ ^'^^;1^' J dm{0)dr<M. 



^ (i-r)iog^(T^) I ^MI/IIb, V^(i-- 
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Therefore , for almost all ( 





which implies that 



7l/K)l 
(l-r)log^(^) -^"^^ 11/11^^ ,/^-r 



o—, r exp( :) dr < oo, 



(r+l)/2 

7 I/(pC)I 



hm / ^ T. — -exp( dp =0, 



r -> 1 

- -p 



Putting /i (r, Q = min {|/(p^)| : r < p < {r + l)/2} we get 



(r+l)/2 

7|/(PC)I . 

exp( - ) dp > 



;i-p)ior(T^) II/IIb. VaU^p' 



(r+l)/2 

.-2, e , „ „, 7|/(PC)I 



- I ^°^^r^) ^^p( 11,11 Trf^ )^/^ ^ 



(r+l)/2 

^ /" , -2/ e 7|/(pC)I n , ^ 

> / log {-. ) exp(^ / ,^ .J dp > 



> log (:; ) exp ( , ) > 0. 

1-^ II/IIb, V^((l-0(3 + r)/4))^ 



We used the inequalities 



log-^(T^) > log'^( . /, .wJ = log-^^ ^' 



1-p' - "" 'l-(r + l)/2' "^ '1-r 
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9{l-p') < (?(1- (r + 1/2)2) =(?((! -r)(3 + r)/4)). 
Then 



1- 1 -2/ 2e 1 Kr,C) 

lim loff exp 

— 1- 1-P ll/L,A/^((l-^)(3 + r)/4)) 



which imphes 



,. . 7 7/^(^,0 oil 2^ ^ 

hm ( / log log j = — c)o. 



^^'" ■■ ■ 'IB. 



v/^((l-r)(3 + r)/4)) "l-r 

Since 



1 2e 
hm ( log log log log ) = 0, 

r^i- 1 — r 1 — r 



it can be seen easily that 



f^ir,C)<li\\f\\B, V^((l-r)(3 + r)/4)) log |log (1 - r)| < (6) 

<7i||/IIb,V^((1-^')/2)) log|log(l-r)|. 

for almost all (, r sufficiently close to 1 and 71 = 2/7. 

In addition, let 

Kr, C) = |/(riC)| ,r<ri<(r + l)/2. 

Then 



ri (r+l)/2 

0(1-P^) 
l-p2 



l/K)|-Mr,C)< /l/'(pC)Mp<ll/b. / ^, ,, ^p 
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l—r ,1 „,, 1— r 



,2 



B. 



•P 



m,^ < ^k I m,, < 



2r J t - 2r J t 

{l-r)(3+r)/4 {l-r2)/2 



1-r^ ,, „,, 1 



^ ■ '-^0 



^*)-''^< ^^( / ^*)" 



2r ' J t ' - 2r ' J t 

(l-r2)/2 {l-r2)/2 



V^((l-r2)/2)). 



2r 

Applying (6), we obtain 

I/K)I<II/IIb,a/^((1-^')/2)) (^ + 7ilog|log(l-r)| 
for almost all ( and r sufficiently close to 1 , 
which proves (5). 

Corollary. (Korenblum [3]) If f e B, / (0) = then 



lim sup — < k iij 11^ 

A/|log(l -r)\ log|log(l-r)| 



r^l 



for almost all (^ eT , where k is an absolute constant. 
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